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Theory:  SYNERGY between 

                          Analytical and Numerical General Relativity
                                              (AR/NR)
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         EOBNR
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Brady, Craighton & Thorne, 1998

Numerical Relativity: >= 2005 (F. Pretorius, Campanelli et al., Baker et al.)
Most accurate data: Caltech-Cornell spectral code: M. Scheel et al., 2008  (SXS collaboration)

Effective-One-Body (Buonanno & Damour (2000)

PN-resummation (Damour, Iyer & Sathyaprakash (1998)

Inspiral (PN methods) Ringdown 
(perturbation theory)

Merger: Numerical Relativity (?)

Phase error:
< 0.02 rad (inspiral)
<0.1    rad (ringdown)

TEMPLATES FOR GWS FROM BBH COALESCENCE
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EFFECTIVE ONE BODY (EOB): 2000

4

5 years before Numerical Relativity (NR):
EOB formalism was predictive, qualitatively and semi-quantitatively correct (10%)

•2-body problem into effective problem
•relative dynamics in CoM frame
•Deformation of test-particle on Schwarzschild
•Resummation of PN information
•Blurred transition from inspiral to plunge
•Final black-hole mass
•Final black hole spin
•Complete waveform

A. Buonanno & T. Damour, PRD 59 (1999) 084006
A. Buonanno & T. Damour, PRD 62 (2000) 064015

⌫ =
m1m2

(m1 + m2)2
=

µ

M

> 2005: Developing EOB & interfacing with NR
             2 groups did (and do) it
- A.Buonanno et al. (AEI)
- T.Damour & AN + (>2005)
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STRUCTURE OF THE EOB FORMALISM

EOB Hamiltonian

Resummed (BD99)

PN dynamics
(DD81,D82,DJS01,IF03,BDIF04)

EOB Rad. Reac. force

F̂�HEOB

Factorized waveform

h⇧m = h(N,⇥)
⇧m ĥ(⇥)

⇧m

ĥ(⇥)
⇧m = Ŝ(⇥)

effT⇧mei��m�⇧
⇧m

Resummed (DN07,DIN08)Resummed (DIS98)

BH perturbations 
RW57, Z70, Z72

EOB waveform:

PN waveform
BD89, B95&05,ABIQ04,

PN rad losses
WW76, BDIWW95, BDEFI 
05

Matching at merger time

⇥N = �N + i⇤N

QNMs spectrum

BNS: tides
(Love numbers)

5

Numerical
Relativity

 EOBNR

hringdown

`m

hinsplunge
`m
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HAMILTON’S EQUATIONS & RADIATION REACTION

Ĥ0
e�(r, p�; �) =

⇧⌅⌅⇤A(r; �)

�
1 +

p2
�

r2

⇥

Circular orbit

     Last-Stable-Orbit (LSO): r < 6M

Plunge

Resummation multipole by multipole
(Damour & Nagar 2007, Damour, Iyer & Nagar 2008,
 Damour & Nagar, 2009, Pan et al. 2011)

ṙ =
�

A

B

⇥1/2 ⇥ĤEOB
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HEOB = M

⇤
1 + 2�
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Ĥe� � 1
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Newtonian x PN x NQC
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THE EOB[NR] POTENTIAL
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A(r ; ν = 0.25) [equal-mass case]
Schwarzschild: A(r ; ν = 0) = 1 − 2M/r

ac
6(�) = 3097.3�2 � 1330.6� + 81.3804

Years of analytical and numerical 
work to get this strong-field difference!

NDRP, arXiv:1506.08457

ATaylor

5PN

= 1� 2u + 2�u3 +
✓

94
3
� 41

32
⇥2

◆
�u4 + �[ac

5

(�) + aln

5

lnu]u5 + �[ac
6

(�) + aln

6

lnu]u6

Padé resummation + NR calibration of

A(u; �, ac
6

) = P 1

5

[ATaylor

5PN

(u; �, ac
6

)]

⌫ =
m1m2

(m1 + m2)2
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RESULTS: EOBNR/NR WAVEFORMS (NO SPIN)
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Nagar, Damour, Reisswig & Pollney, arXiv:1506.08457Analogous agreement for other (SXS) mass ratios

equal-mass BBH, nonspinning
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ENERGETICS - NONSPINNING
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q = 1, (χ1,χ2) = (0, 0)

Binding energy vs angular momentum 
(Llama NR data)

Eb =
E �Mc2

µ
EEOB

b � ENR
b

9
Nagar, Damour, Reisswig & Pollney, PRD 93 (2016), 044046

Merger
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SXS data
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EOB APPROACH TO THE DYNAMICS OF TWO 
SPINNING BLACK HOLES 

11

Damour01, Buonanno-Chen-Damour06, Damour-Jaranowski-Schafer08, 
Barausse&Buonanno10,Nagar11,Barausse&Buonanno2011,Taracchini et al. 12, 
Balmelli&Jetzer2013, Pan et al. 2013

Nonspinning case: EOB description = deformation of test-particle Hamiltonian in a  
Schwarzschild background

Spinning case: EOB description = deformation of (spinning) test-particle Hamiltonian 
in a Kerr background

Deformation parameter:

� = µ/M

Based on Hamiltonian formulation in the center of mass frame

mercoledì 25 maggio 16



A. Nagar - 24 May 2016 - Hannover

SPINNING BBHS

12

Spin-orbit & spin-spin couplings
(i) Spins aligned with L: repulsive (slower)  L-o-n-g-e-r INSPIRAL

(ii) Spins anti-aligned with L: attractive (faster) Shorter   INSPIRAL

(iii) Misaligned spins: precession of the orbital plane (waveform modulation)

1000 2000 3000 4000 5000 6000
−0.02

0

0.02

0.04

 

 
∆φEOBNR

22

∆AEOBNR
22 /ANR

22

6350 6400 6450 6500

−0.5

0

0.5

1

1.5

1000 2000 3000 4000 5000 6000

−0.2

0

0.2

u/M

!
[Ψ

22
]/
ν

 

 
NR
EOB

6350 6400 6450 6500

−0.2

0

0.2

u/M

χ1 = χ2 = +0.994, q = 1

Damour&Nagar, PRD90 (2014), 024054 (Hamiltonian)
Damour&Nagar, PRD90 (2014), 044018 (Ringdown)
Nagar,Damour, Reisswig & Pollney, PRD 93 (2016), 044046

EOB/NR agreement: sophisticated (though
rather simple) model for spin-aligned binaries

�1,2 =
cS1,2

Gm2
1,2

Calibrating a single, effective, 4.5PN (NNNLO) spin-
orbit parameter
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EOBNR MODEL USED FOR GW150914
Different EOB Hamiltonian [Barausse & Buonanno11, Taracchini et al.12]
SEOBNRv2: Taracchini, Buonanno et al., PRD 89, 061502 (R), 2014
SEOBNRv2_ROM_DoubleSpin: M. Puerrer, CQG 31, 195010 (2014)

13
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(q, χ1, χ2) = (1, +0.98, +0.98)

Effectively used to get the masses:
SEOBNRv2_ROM_DoubleSpin
IMRPhenom (Khan et al., 2015)
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EOB: This paper
EOB: Taracchini et al.
Schwarzschild

+ different spin-orbit & spin-spin sector
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q = 1, (χ1,χ2) = (−0.95,−0.95)

better

worse
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IHES EOBNR MODEL

15

SEOBNR_IHES model WAS NOT used for parameter estimation: 
EOB/EOBNR UNFAITHFULNESS (40 NR SXS dataset)

8
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FIG. 8: EOBNR time-domain phasing comparison for q = 1,
(χ1, χ2) = (+0.98, +0.98). The EOBNR difference at merger
(dashed vertical line) is well compatible with the correspond-
ing NR uncertainty ∼ 2 rad (see Table I).

and X2 = 1 − X1. The quality of the fit is quantita-
tively assessed by measuring the EOB-NR phase differ-
ence at NR merger after that the EOB waveforms was
aligned (in time and phase) to the NR waveform during
the early inspiral. Such differences are listed as ∆φEOBNR

mrg

in Table I. The same table also clearly illustrates the
compatibility of the EOBNR model with the numerical
phase uncertainties δφNR

mrg at merger all over the wave-
form sample considered. Figure 8 shows, for the case
χ1 = χ2 = +0.98, the typical agreement, well within the
error bar, that is obtained performing the usual time-
domain comparison. Analogous plots are found for all
other configurations, for which we just give the represen-
tative value of the phase difference at merger in Table I.

To further demonstrate the high-quality of the EOB
model presented here, and to give a clearer physical
meaning to the phase differences quoted above, we also
measured the agreement between the EOB waveforms
and all the available NR ones by computing the EOB/NR
unfaithfulness

F̄ ≡ 1 − max
t0,φ0

〈hEOB
22 , hNR

22 〉
||hEOB

22 ||||hNR
22 ||

, (19)

where t0 and φ0 are the initial time and phase, ||h|| ≡
√

〈h, h〉, and the inner product between two waveforms

is defined as 〈h1, h2〉 ≡ 4%
∫ ∞

fmin
h̃1(f)h̃∗

2(f)/Sn(f) df ,

where Sn(f) is the zero-detuned, high-power noise spec-
tral density of advanced LIGO and fmin is the starting
frequency of the NR waveform (after the junk radiation
initial transient).

Similarly to Ref. [3] both EOB and NR waveforms
are tapered so to reduce high-frequency oscillations in
the corresponding Fourier transforms. Figure 9 shows

the unfaithfulness as a function of the total mass of the
binary for all configurations we considered. The max-
imum of F̄ is also listed, for convenience, in the last
column of Table I. One sees that for all (but one, see
below) configurations considered the value of F̄ is well
below 1% (actually, most configurations range between
0.1% and 0.01%) for total mass of the binary ranging
from 20 to 200M#. Such a waveform quality implies a
negligible loss in event rate due to the modeling uncer-
tainty. The worst global unfaithfulness, corresponding
to max F̄ ≈ 0.01 is due to the configuration with q = 8,
(χ1,χ2) = (+0.5, 0). We note that (see Table I) this
NR data set is affected by a very large phase uncertainty
(3 rad accumulated at merger) and, moreover, has ec-
centricity 3.73 × 10−3, which yield visible oscillations in
the EOB/NR phase difference. Once aligned during the
early inspiral, the EOB/NR phase difference at merger
accumulates a mere −1.1 rad up to merger (see Fig. 10)
while the phase uncertainty at merger is 3 rad. In view
of the good performance of the EOBNR model presented
here on all the other BBH configurations, it is likely that
the larger value of F̄ that we obtain in this case is not
really meaningful, but is due to inaccuracies in the NR
simulation rather than to limitations of the analytical
modeling. Still, new simulations with reduced error bars
will be needed to firm up this conjecture. Figure 9 high-
lights in color the same particular configurations that
were highlighted in Fig. 1 of Ref. [3], so as to prompt an
easy and direct comparison. It is interesting to note that
the configuration (q,χ1,χ2) = (1, +0.6, +0.6) delivers a
value of F̂ ≈ 10−3, that remains practically constant all
over the total mass range consider. The corresponding
data of Ref. [3] were actually grazing the 1% level for
M ∼ 50M#. This observation proves quantitatively that
our model is able to improve existing results. We shall
discuss more these and other aspects of our unfaithfulness
comparison in the Conclusions (see in particular Fig. 22
and related discussion there).

VI. ENERGETICS FOR SPINNING
COALESCENCES

A. Energetics of spinning Llama data

Let us finally discuss the energetics yielded by our
newly calibrated EOB model. We start doing this with
Llama data and we will cross check our results with SXS
data in the next Section. Figure 11 contrasts the NR and
EOB curves with χ1 = χ2 = (±0.2,±0.4,±0.6), with the
EOB-NR difference shown in each bottom subpanel. As
before, the EOB (red) and NR (black) mergers are indi-
cated by markers. One sees that the differences are of
the order of 10−4 (or less) during the inspiral, to grow
up to approximately the 10−3 level around merger. One
also notices that the disagreement between NR and EOB
merger quantities depends on the configuration.

An estimate of the NR uncertainty is necessary to in-

SEOBNRv2

M/M!
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Nagar,Damour, Reisswig & Pollney, PRD 93 (2016), 044046

SEOB_ihes
Taracchini, Buonanno et al., PRD 89, 061502 (R), 2014
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IT WOULD BE INTERESTING TO KNOW ...

16

EOBIHES_spin?

?

?
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BINARY NEUTRON STARS (BNS)
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17

See:
Damour, 1983
Damour,Soffel,Xu, 1999-2001
Flanagan&Hinderer, PRD 2008
Damour&Nagar, PRD 2009
Damour&Nagar, PRD 2010
Damour,Nagar et al., PRL 2011
Bini,Damour&Faye, PRD2012
Bini&Damour, PRD 2014
Bernuzzi, Nagar, et al, PRL 2014
Bernuzzi, Nagar, Dietrich, PRL 2015
Bernuzzi, Nagar, Dietrich & Damour,PRL, 2015

•Tidal effects

•Love numbers (tidal “polarization” constants)

•EOS dependence & “universality”

All BNS need is Love!
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THREE RESULTS

18

1. Numerical-relativity matches effective-one-body (EOB) analytical-relativity
waveforms and dynamics essentially up to merger. Method to compute GW
templates  for LIGO/Virgo to measure EOS out of tidal effects
S. Bernuzzi, A. Nagar, T. Dietrich & T. Damour, PRL 114 (2015), 161103
“Modeling the Dynamics of Tidally Interacting Binary Neutron Stars up to Merger”
[Consistency with Hotokezaka et al., PRD 91 (2015) 6, 064060, notably with reduced eccentricity.
 With ourselves with improved simulations (unpublished) & Hinderer et al. 2016 (see AB talk)]

2. Quasi-universality in BNS merger (binding energy, angular momentum, GW 
frequency vs tidal coupling constant): explained using EOB theory
S. Bernuzzi, A. Nagar, S. Balmelli, T. Dietrich & M. Ujevic, PRL 112 (2014), 201101
“Quasiuniversal properties of neutron star mergers”

3. Quasi-universality of post-merger             frequency vs tidal coupling constant
S. Bernuzzi, T. Dietrich & A. Nagar, PRL 115 (2015), 091101
“Towards a description of the complete gravitational wave spectrum of neutron star mergers”
Unifying description of inspiral, merger and post-merger phases

Mf2
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TIDAL EFFECTS IN EOB FORMALISM
Tidal extension of EOB formalism: nonminimal worldline couplings

�Snonminimal =
�

A

1
4
µA

2

⇥
dsA (uµu⌅Rµ�⌅⇥)2 + . . .

Damour&Esposito-Farèse96, Goldberger&Rothstein06, TD&AN09

Modifications of the EOB effective metric... 

A(r) = A0
r + Atidal(r)

Atidal(r) = �⇥T
2 u6

�
1 + �̄1u + �̄2u

2 + . . .
⇥

+ . . .

And tidal modifications of GW waveform & radiation reaction  

•Need analytical theory for computing

•(?)Need accurate NR simulations to “calibrate” the higher-order PN tidal
    contributions, that may be quite important during the late inspiral

µ2, ⇥T
2 , �̄1 . . .

Relativistic
Love number

19
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RESUMMED TIDAL INTERACTION

20

Bini&Damour (2015) resummed expression forÂtidal
`

Presence of a pole: potential strongly attractive @ mrg
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S. Bernuzzi, A. Nagar, T. Dietrich & T. Damour, PRL 114 (2015), 161103
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Waveform
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SEOB_IHES 

23

Nonspinning BBHs & BNS (tides)

Free  download Matlab code: https://eob.ihes.fr.
(2,1) & (3,3) modes included

Spinning (nonprecessing) BBHs:
Matlab (development version)
C++ version (Philipp Fleig), including tides. 

                                                                  Some (early) performance numbers for 
                                                                  equal-mass, nonspinning:

Mf0 = 2⇥ 10�4 628s

Mf0 = 1⇥ 10�4 6619s

MacBook pro, Intel Core i7, 2.7GHz

(r0 = 120M)

(r0 = 216M)
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CONCLUSIONS

24

SEOB_ihes: Alternative model to SEOBNRv2 for spin-aligned BBHs. 

Different theoretical elements and different calibration than SEOBNRv2. 

Performances in parameter estimations should be explored/compared.

Careful EOB/NR comparisons of both waveforms & energetics (including BNS)

Matlab code free available. C++ code available on request

The wave(s) have passed....
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